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Abstract 

In this paper we study the continuum time dynamics of a stock in a market where 
agents behavior is modeled by a Minority Game with number of strategies for each 
agent S — 2 and "fake" market histories. The dynamics derived is a generalized 
geometric Brownian motion; from the Black&Scholes formula the calibration of the 
Minority Game, by means of the game parameter a 2 , on the European options on DAX 
Index market is performed. An "(a, a 2 ) -matrix" containing, given options' moneyness 
and maturities, values of the parameters a and a 2 that make the theoretical option 
price agree with the market price is constructed. We conclude that the asymmetric 
phase of the Minority Game with a close to a c is coherent with options implied 
volatility market. 

Key words: Minority Game, Agent-based models, Option pricing, Market cali- 
bration. 

1 Introduction 

In recent years researchers endeavored to build models that reproduce some empirical sta- 
tistical regularities of the real financial markets, such as volatility clusters, fat tails, scaling, 
occurrence of crashes, etc., known as "stylized facts" (see [IQ1 Q2J E] ) . One possible way to 
address this problem is the "black-box" stochastic approach. A complex stochastic process 
which possesses the relevant characteristics of the desired empirical facts is constructed. 
Process used in this kind of models are the nonlinear diffusion models, the Levy processes, 
the jump processes and stochastic volatility models. Another possibility is to follow the 
agent-based framework, which models the market and derives from the interaction be- 
tween players the stock price dynamics. Herd Behavior and Minority Game are examples 
of these models. Choosing between these two models families relies on the purpose of the 
modeling itself. "Black-box" stochastic modeling is used in financial mathematics, where 
the main goal is the practical use, i.e. pricing of derivatives or portfolio allocation. Agent- 
based models are mainly used in economics where the theoretical aspects, the explanation 
and understanding of financial markets, are the main intent. 

There is a complementarity between these two approaches; indeed "black-box" stochas- 
tic models lack of explanatory power by construction and agent-based models can be hardly 
used for pricing purposes given their complexity. Moreover one of most attractive features 
of the usual Black&Scholes type models is the possibility of obtaining closed, exact for- 
mulas for the pricing of financial derivative securities. Such qualities are fundamental 
from the point of view of finance practitioners, like financial institutions, that require 
fast calculations, closed pricing formula for calibration purposes and tools to hedge risky 
assets. 
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A very promising way to combine these main issues, is to focus on highly simplified 
toy models of financial markets relying on the Minority Game (MG) [3]. Variants of 
this model have been shown to reproduce quite accurately such stylized facts of financial 
markets (see [H El G3 \TT\ I20| ) and moreover the continuum time limit of the MG provides 
a bridge between the adherence to empirically observed features of real markets and the 
practical usability of "black-box" stochastic models, since its evolution follows a system 
of stochastic differential equations (see [15], [5]). 

In this framework, the stock price process is driven by the excess demand or overall 
market bid. The excess demand evolution process for real and "fake" market histories 
has been explicitly obtained in [8]. While a game with real market histories can fit stock 
prices better than a game with "fake" ones, the latter is more mathematically tractable, 
especially if the purpose is to obtain closed formulas and not run the game through sim- 
ulations. Models with "fake" market histories, where at each point in time all agents are 
given random rather than real market data upon which to base their decisions, have the 
advantage of being Markovian and hence suitable to the application of classic results, like 
Girsanov theorem, that are at the hearth of option pricing techniques in mathematical 
finance. On the other side, models with real market histories are strongly non-Markovian 
and a dynamics simple like ([3]) is no more available. The dependence of the process on the 
history makes meaningless all the averages present in equation ([3]); the evolution process 
becomes a system of stochastic differential equations whose parameters are to be obtained 
as a solution of a dynamic system defining the bid evolution process (see [8] for details). 
Since our aim is to calibrate the MG on the real market of European call options, as a first 
attempt to obtain a closed formula for pricing an European call option on a single stock 
it is easier, and maybe compulsory, to use the simplest version of the minority game with 
"fake" market histories and to recover the excess demand directly from the scores differ- 
ence stochastic differential equations obtained in [15]. Using this approach it is possible to 
apply the usual "change of measure technique" , that guarantee the absence of arbitrage in 
the model and the existence of the hedging portfolio, and hence to obtain closed pricing 
formulas allowing the model calibration to the market. Undoubtedly the MG with real 
market history must be investigated and the approach used in [8] must be kept in mind 
for further development. 

The work is organized as follow. In Section [2] the classical MG model and its continuum 
time limit version are described. In Section [3] we derive the stock price dynamics and in 
Section [H by using the classical risk- neutral pricing techniques (see |19|). we apply the 
Black&Scholes formula to price European options. Section [5] contains the calibration 
of the MG on the European options market; finding out values of a and a that make 
the theoretical price of an option on DAX Index obtained via Black&Scholes formula 
agrees with the market price, an "(a, <r 2 )-matrix" with options' moneynees and maturity 
as entries is constructed. In Section [6] we report our conclusions. 

2 The Model 

In this section the basic concept and the main results of MG useful for our purposes will be 
exposed (for a comprehensive introduction to MG refer to [SJE])- Here we are considering 
a slightly modified version of the MG, where there are N agents and its dynamics is defined 
in terms of dynamical variables U St i(t), scores corresponding to each of the possible agents 
strategy choices s = +w,—w. 
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Each agent takes a decision (strategy choice) Si(t) with 



P PiU Sli (t) 

Prob{si(t) = s} 



where Tj > 0, and s' G {— w,+w}. The original MG corresponds to Tj = oo and was 
generalized to Tj = T < oo [2]; here we consider the latter case. 

The public information variable n(t), that represent the common knowledge of the past 
record, is given to all agents; it belongs to the set of integers {1, . . . ,P} and can either 
be the binary encoding of last M winning choices or drawn at random from a uniform 
distribution: 

Probst) = fi} = -, M = 1,...,P. 

Here we consider the latter case (see [2]). 

The strategies are uniform random variables taking values ±w (Prob{a^ i = ±w} = 
1/2) independent on i, s and fi. Here we consider S = 2, i.e. 2 strategy for each agent 
that are randomly drawn at the beginning of the game and kept fixed. 

On the basis of the outcome B(t) = J2iLi a s^(t) i eacri agent update his scores according 

to 

Us ,(t + 5t) = U s , t (t)-a^^, (1) 

where St — > is the time increment. 

Let us introduce the following random variables (to ease the notation the choices +w 
and —w are shorted with + and — ) 

n a N U , U 



and their averages 



p , p 



5e = ^E^. 55=?E^ 



The only relevant quantity in the dynamics is the difference between the scores of the two 
strategies: 

r U + ,(r)-U.,(r) 

vm = r 2 ' 

where r = A. 

Let (CI, J-, P) be the probability space respect to which all our random variables are 
defined, y = (yi)i<i<N, © = (© / ")i< At <p and £ = (&)i<i<jv 

As shown in [15], if P/N = a 6 R + , 5 = 2 and Tj = T > for all i, the dynamics of 
the continuum time limit of the MG is given by the following iV-dimensional stochastic 
differential equation 

dyi(t)= ^-5©-Ee^tanh( % (i))j dt + Ai(y,a,N,r,OdW(t), i = l,...,N (3) 
where 

W(i) is an iV-dimensional Wiener process, 



3 



Ai is the i-th row of the N x N matrix A = {Ay) such that 

(AA%(y,a,N,T,0 = MM&^T 
The dynamics of a 2 ^ is well known; the relevant feature for our purposes is its limit 

2 ( \ 

behavior, as N grows to infinity, with respect to a: for a > a Cj limjv_ 5>00 N N < 1, Vy, 

while for a < a c , limjv_ s . 00 ^ < k, Vy and with k constant. For more details see [9]. 

With respect to the usual version of the MG where s = +1,-1, here each agent gives 
each buy or sell decision the same weight w. The introduction of parameter w, that, as 
we will see, improves the calibration of the game on the options market, affect the scores 
updating (pQ) of a factor w 2 , coming from B(t) and i , and hence the variable y defined 
in ([2]) of the same factor. This reflects on dynamics ([3]) where both the drift term and 
the AA' elements are multiplied (with respect to the case s = ±1) by the same w 2 factor. 
This does not affect the fluctuations (i.e. a 2 N ) and the relation between a 2 N and a, but, 
as we will see in the sequel, the stock price dynamics and the expression of the option 
implied volatility, fundamental in the calibration process. 



3 Stock price dynamics 

In this section, using the scores difference stochastic differential equations, the overall 
market bid and hence the stock price dynamics is derived. 

Let us consider a single stock in a market modeled by the continuum time MG; following 
[5] j we define the stock price dynamics in terms of excess demand, as 

log p(t + 5t) = log P (t) + ^P-- (4) 

Jy w 

(price dynamics does not depend on the weight w of the bet). 

Since dynamics has a deep impact on the results we will obtain, it worths to spend 
few words to explain our choice. 

Defining the stock price dynamics as in @, we are assuming the volume N to be 
constant. Even if a choice of fluctuating volumes N(t) would be more realistic, it would 
imply a new derivation of the time-continuous dynamics © that would become a system 
of a time dependent number of stochastic differential equations with terms like £j0 now 
time dependent. This would have a heavy impact: all the results obtained in the limit as 
N grows to infinity should be re-obtained in terms of uniform convergence over t. If they 
still hold, also proposition (j4. 1|) . crucial for our purposes since proves the existence of a 
risk neutral measure, must be re-derived; this could be even harder since it relies on the 
Girsanov theorem: does exist a version of such theorem for a N(t) dimensional stochastic 
process? Since the present one is, as far as we know, the first attempt to obtain a closed 
option pricing formula starting from a MG, we think that it is better to stick to the 
simplest case, and then to move toward more realistic, and mathematically complicated, 
frameworks. 

Our aim is to obtain the continuum time dynamics of the stock price p(t) from the 
continuum time dynamics of y(i) defined by ([2]). The key point is the following identity, 
that can be obtained directly from ([1]) 

U +ti (t + 5t)-U-4t + 5t) = U +>i (t) - U-jjt) _ off? ~ o^} B(t) 
2 2 2 P 
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Taking into account relation ([2D and that T is finite, we obtain 



yi {Vt) yi {T{t + 6t)) 



r 



In the continuum time limit 5t — > 0, 



aN ' 



VS = 1,2 JNT. 



(5) 



Dynamics © reflects the stock price dynamics (HJ), where is the generator of log p(t); 
indeed, like the right hand side of (j3|), also the right hand side of ([5]) does not contain a 
dt term and — T£?®^tl is the generator of yi(Tt). 

Multiplying both sides of ([5]) by , averaging over all the agents i, and taking the 
limit as N goes to infinity we have 

N N 

Hm Ly^) dyii rt) = -- ihn ly(V (t)N ) 2 ^. 



i=l 



a N^oo N 



i=l 



Since the £^ are independent from B(t) (the difference between two actions given the 
past history fi(t) is fixed at the beginning of the game and does not depend on the action 
chosen by the agent on the basis of the score function U s j(t)), 



1 N 
lim ^Vfe 



i=l 



N 



it follows that 



dlogp(t) 



E 



2a 



c (t) V 



N->oc iv z 



3 r 7v- 



(6) 



i=l 



Integrating over [0, i] both sides of © and taking into account equation ([3]), it follows that 



p(t) = p(0) exp < 



lim 



1 2a 
3 N 



w 



N 

E 



A? 



&e + ^&& tan %i( rs )) 



(is 



lim 



r^fE(^)-,r s) }. 



JV-kxj L w 3 NT ^ 
1=1 

The following proposition on the drift and diffusion term of equation ([7]) holds: 



(7) 



Proposition 3.1 Let t = O(N), that is timjv-H-oo 77 = ^- The drift term of §7ty is at 
most 0(N); the diffusion term is different from zero Va ; finite for a > a c and at most 
0(N) for a < a c . 

Proof 

It is easy to see that, by applying the Law of Large Numbers, Vi limjv_>oo £? = 
limTv^oo = and linijv^oo ^6 = (for detailed computations see [IB]); it follows that 



2a N 
lim — tttt 

i=l 



N->oo W 3 N 



fj,(s) 



N 



1 ^ 



i=i 
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with k finite constant. Hence the drift term is at most kaN and, due to different initial 
conditions and the stochastic evolution of yi, in general different from zero. 
Consider the zero mean random variable 



Y 



,yu i=l 



since 



w 



o N N ( o N \ 



i=l 



i=l 



y has variance 

„ t JV 



j=i \ 
1 4a 2 



2a 



3 ivr 



W 2 r t a 2 N 

i=l - 70 i,j=l,i¥=3 



As jV grows to infinity, by applying the Law of Large Numbers, limjv— >oo A.A! — limjv— »oo 2aN w 
where I is the identity N x JV matrix (see |18] for details), and the first term of the right 



hand side of flHJ) is equal to limjv- 



while the second one is equal to 0. Since for 



>00 w 2]\f2 ! 
2 2 

a > a c > < -#■ < 1 and for a < a c , < -# < fciV, the thesis follows. 



□ 

It is worth to note that the hypothesis t = 0(N) is necessary to have the diffusion 
term different from zero and that it is the proportionality factor of the time needed to 
reach the stationary state of the MG. In numerical terms it means that, given a maturity 
t, a higher number of player needs a higher number of time steps, i.e. the player must 
interact more times to reach an equilibrium. 

Consider the dynamics 



?(*) 




&e + ^&0tanh( yi (r s )) 



3=1 



ds 



/„ w 3 NT 



E (er'^) dw ( rs ) ; 



i=i 



by definition q(t) converges pointwise towards p(t) (liniAr^oo q(t) = p(t), Vw G Q) and 
hence almost surely; it follows that a.s. Ve > there exists N > such that, ViV > N, 
\p(t) — q(t)\ < e. By assuming t = kN and N finite but sufficiently large, we have that 
a.s. q(t) ~ pit) and proposition ()3.ip holds for q(t). 

From now on we assume t = kN and N finite but sufficiently large to have 



p(t) 



p(0) exp 



2a 
l w 3 N 



JV 

£ 

i=i 



N 



&e + ^^tanh( yj (rs)) 



ds 



■iv 



2a 
3 NT 



JV ^ 

E (tf ^w(r.) 
i=l J 



0) 
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Let us define Qt = cr(W(Ts), £^( s ); s < t) the nitration generated by both the processes 
W and £. Since the drift and the diffusion terms are just the exponential of the drift and 
the diffusion of equation ([3]) multiplied by , they are adapted to the filtration Q t - 

The differential of the stock price process is therefore, by Ito's formula, 



dp(t) 
p(t) 



o N 

2a ^ eM (t) 



N 



E# fce + X^taoMj^rt)) 



i=l 



+ 



2a 2 



at \ / N 

Eer (t) A E^ 



9 ^ 



JV 



2a 



i=i 

2 N / N 



w 3 N 
2a 



i=l 

A? 



j=i \i=i 



dt 



3 ivr 



i=l 



4 Derivative security pricing 

In this section we develop the risk-neutral pricing of a derivative security on a single stock 
whose price dynamics is given by ([9]). We follow the usual scheme: construction of the 
risk-neutral measure, relying on Girsanov Theorem, for the discounted process and, by 
using the Martingale Representation Theorem, of the replication portfolio that allows to 
hedge a short position in the derivative security (see [19] ; p. 209-220). At the end of the 
section we apply Black&Scholes formula to price a European call option. 



4.1 Discounted stock dynamics under risk-neutral 

Consider the interest rate process R(s) adapted to the filtration Q t , < t < T. The dis- 
count process D(t) = e~->a R ( s ) ds has, by Ito's formula, differential dD(t) = —R(t)D(t)dt. 
The discounted stock process is 



D(t)p(t) = p(0) exp 



2a 



„. , 2a v-^ 

-^w+^vE 



i=l 



C s) (&e + ^&&tanh( % (lY)) 



ds 



and its differential 



d(D(t)p(t)) 



D(t)p{t) 



+- 



2a 

w 3 iV 

2a 



i=i 



£ 

i=i 

2 - v /' v 



N 



(^e + ^^tanh( yj (r s )) 

i=i 

\ 2 



6 iw 2 



3=1 \i=l 



R{t) 



dt 



2a 
w 3 NT 



N 



^(^*U)dw(n) 



i=i 
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Proposition 4.1 IfT = 0(N) there exists a probability measure P (risk neutral measure) 
under which the discounted stock price D(t)p(t) is a ¥ -martingale. 

Proof 



Let us define the market price of risk equation to be 



2a 



N 



w 3 NT 



2a 



N 

E 

1=1 



N 



C (s) |&e + £^tanh( yi (r s )) 

i=i 

x 2 



+ 



+ - 



2a 



2 N / N 



W^TN 2 



E Ec" A 

i=i \i=i 



where 7(rt) = (71 (ri), . . . , 7jv(rt)) is an unknown process; the differential of the dis- 
counted process becomes 



2a 



N 



d(D(t) P (t)) = £ (er } ^J [7(rt)A - dw(rt)] 



1=1 



Let 1 1 • 1 1 denote the usual Euclidean norm; we show that for T = O(N), J Q ||7(ru)|| 2 d(r-u) < 
00. Consider N finite and sufficiently large (we remind that proposition (|3.ip for iV finite 
and sufficiently large); since, by proposition (|3.1|) 



la \ *v / tA t( u ) 



3 at 



E e M ^-< 



d(Tu) 



T N 

E 



o N 



3 at 



EC d{Tu) > and finite, 



i=l 



r 



2a 



3 AT 



N 

E 

i=l 



ef (s) (^e + E^tanh^^)) 
J'=i 



d(rit) < 00, 



and 



we have 



2a 



2 N / N 



w 6 TN 2 



< 



EE? 1 

j=i Vi=i 

T 



d(r«) ~ 0, 



00. 







It follows that 7(rt) satisfies the Novikov condition (see |17j ) 

fT 



E 



1 r 



u)\\ 2 du 



< 00. 



As a consequence we can apply Girsanov's Theorem (see [T3j , p. 198); there exists a prob- 
ability measure P (risk neutral measure) under which W(Tt) = Jj j(Tu)du - W(Tt) is an 
iV-dimensional Brownian motion. It follows that 

? N ~ 



i=l 
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and hence the discounted stock price is a P-martingale. 

_ □ 
By making the replacement dW(Tt) = r y(Tt)dt — dW(Tt), dynamics ([9|) of the undis- 
counted stock price p(t) becomes 



p(t) = p(0) exp < 



R(s) 



2a k 



N / N 



£(£ef ( % 



w e TN 2 



ds+ 



j=l \i=l 



jv i=i 



(10) 



4.2 European call option pricing 

Since, for T — t = O(N), there exists a risk neutral measure P for the discounted process 
D(t)p(t), we can apply the usual scheme, relying on the martingale representation theorem, 
to show the existence of a replication portfolio for a derivative security pricing. 

Consider T — t = O(N); let V(T) be an ^-measurable random variable representing 
the payoff at time T of a derivative security. The process E(t) = Kp[D(T)V(T)\G t ] is 
a P-martingale (it follows from iterated conditioning); by the Martingale Representation 
Theorem there exists an initial capital X(0) and a portfolio strategy A(i) such that X(T) = 
V(T) almost surely and an adapted process cp(t) which constructs E(t) out of D(t)p(t). It 
follows that D(t)X(t) is a P-martingale 

D(t)X{t) = E f [D(T)X(T)\g t ] = E ¥ [D(T)V(T)\g t ]. (11) 

The value X(t) of the hedging portfolio in (jlip is the capital needed at time t in order to 
successfully hedge the position in the derivative security with payoff V(T). Hence V(t) is 
the price of the derivative security at time t and we obtain the usual risk neutral pricing 
formula (see [19], p. 218-222) 

D(t)V{t) = E f [D(T)V(T)\g t ], < t < T; 

by recalling the definition of D(t), 

V(t) = E f [e-ft TR ( s ) ds V(T)\g t ], < t < T. 

Proposition 4.2 Let us assume constant interest rate r; the price of a European call 
option with underlying p{t) and strike K is 

c(t,p(t);K,r,u)=p(t)^(d(9,p(t))) - e~ re {d(9,p(t)) - y/V) , 

where 9 = T — t, v = ""^i^a ~ , d(9,p(t)) = ^ g K — an( ^ ^ ^ e er j f unc ti on . 
Proof 



Consider the random variable 

rp TV N y N 

y=l ^£(f? ( ^)^>-£/ ^E(e w %)*>(r S ). 

Jt i=l j=l Jt i=l 
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Y has zero mean and, in the limit as N grows to infinity, finite variance v (see prop. 13. ip : 
since we consider N sufficiently large, we can assume V^ar[Y] = v. For N sufficiently large 
we can apply the results obtained at the end of proof of proposition (|3.1|) ; it follows that 

Y has a normal distribution with mean and variance v = "^i^ and equation ()10|) 
becomes 

p(T) = p(t) exp | (V - ~) - ^ v^zj , 

9 = T — t and Z = — -^= is a standard normal random variable. 

We can apply Black&Scholes formula (see [19], pp. 218-220) and obtain the price of a 
call option with underlying p and strike K: 

c(t,p(t);K,r,u)=p(t)^(d(9,p(t))) - e~ r9 K^ {d(9,p(t)) - yfi) , 
where d(9,p(t)) = ^ g K J- — lljLl anc l ^ the er/ function. 

□ 



5 Calibrating the MG 

5.1 Calibration on the market 

Minority Game is general purpose model, therefore, before calibrating it to price options, 
we first need to calibrate it to reflect the market properties. We review some basic fact 
about MG to better explain the calibration process. One of the most important variable 
of MG (for a detailed discussion see [9] ) is a 2 . 

Low value of a 2 correspond to high market efficiency and vice-versa. As a (which 
depends on N and M, since P = decrease a 2 decrease too, till it reach a minimum 
(see figure [1]). We indicate with a 2 this minimum and with a c the corresponding phase 
transition point. Since a 2 represent the maximum efficiency attainable in the market and 
efficiency is related with the information available, a 2 can be thought as the point with 
the maximum information. 

On the other side, volatility in option market is related with risk, which is linked with 
information too. The more the information available on the market the less the risk of an 
option and hence, the less the volatility. 

The first calibration consists in linking this two quantity using the B&S equation 
derived in the previous section. Taking into account the expression of volatility v and 
defining i? mkt as the minimum market volatility, we are looking for a value w such that 

^ / ^ = v / ^=^r (12) 

The advantage of introducing the bet weight w, as is evident from equation (|12p . is to 
allow a meaningful calibration; without parameter w the values of required to match 
the options implied volatility would be extremely high implying either the choice of a < a c , 
symmetric market phase known to be inefficient and not coherent with the real market, 
or a > a c , game where agents play randomly. 

The last step is to calibrate the MG on the options, i.e. we need to find the couple 
(a, a 2 N ) such that: 

Vu im P l = v/a— 
wN 
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where V i/ im P l is the option implied volatility available on market. 

2.5 



2 



1.5 
1 



0.5 



0123456789 10 

a 

Figure 1: function of a obtained numerically for different history lengths 

5.2 Calibration on the options market 

In the previous section we described the general procedure to calibrate the MG, here we 
implement it on DAX Index options. We choose the DAX Index since it is a total return 
index reinvesting dividends. The calibration of w is performed over VDAX Index, which is 
the index of implied volatility for DAX options. The minimum volatility, i.e. the minimum 
value of VDAX, since 03/01/2000 is reached the 11/02/2005 with a value of 10.98%. The 
next calibration, for each M, is performed for all options once. It is important to stress 
that it is not possible to calibrate the MG for M too small. The calibrated option value 
should correspond to a value a bigger than a c which is around 0.34. Since the grid of 
values for a, given M, is fixed by the value of N which is an integer, it is possible to obtain 
only a fixed number of value for a > a c . Consider M = 3, then P = 8 and for N = 2 
we have that a = 4. When N = 21 the value of a is 0.38. Therefore we have to find a 
minimum and calibrate it to match the value of options in 20 points. It is straightforward 
that we can not have an accurate calibration with this few points. The first M that allow 
a decent calibration is M = 5. 

We choose 18 call options, with different maturities and different moneyness, and 
calibrate the MG over this option with M varying from 5 to 9 (in the tables only results 
for M = 5 and M = 9 are illustrated). In the head of the columns is indicated the maturity 
(expressed in years) and on the head of the rows is indicated the moneyness. For each 
maturity and moneyness, in the first row is indicated the market implied volatility V i/ im P l , 
in the second row are indicated the B&S volatility u, the corresponding af^ and the a 
obtained from the calibration. Tables caption contains the corresponding M and the w 
obtained. 

Comparison of the results shows that a better calibration is obtained as M increase. 
The values of the are smaller and consequently the value of w are smaller for higher 
value of M . This is due to the fact that the more history M is used to construct the 
strategies, the better the strategies are and the market increases its efficiency and the 
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History Length 5 
History Length 6 
History Length 7 
History Length 8 
History Length 9 




Moneyness 


A If J- 'J- 

Maturity 


n 1 o 

0.18 


0.52 


1.01 


1.0577 


/ - 7 

■y/jyirnpl 


20.88% 


21.02% 


22.02% 






22.44% | 20.54% 


22.44%| 20.54% 


22.51% | 21.90% 




a 


0.653 


0.653 


0.681 


0.9967 


yj 'yimpl 


17.66% 


19.18% 


20.72% 






20.65% | 17.52% 


21.65% | 19.01% 


22.44% | 20.54% 




a 


0.604 


0.627 


0.653 


0.9447 


\J yimpl 


15.77% 


18.10% 


19.17% 




(vn)' z \ V" 


19.32% | 16.03% 


20.65% | 17.52% 


21.65% | 19.01% 




a 


0.582 


0.604 


0.627 


Table 1: Calibration of MG with M = 5 and w = 0.03802281. 


Moneyness 


Maturity 


2.05 


3.57 


4.58 


1.1062 


\J yimpl 


23.79% 


24.65% 


25.58% 






23.93% | 24.11% 


23.93% | 24.11% 


25.14% | 26.45% 




a 


0.711 


0.711 


0.653 


0.9833 


yimpl 


21.57% 


22.79% 


23.65% 




ct'n\ sfi 


22.51% | 21.90% 


22.51% | 21.90% 


23.93% | 24.11% 




a 


0.681 


0.681 


0.604 


0.8849 


\J yimpl 


19.61% 


21.41% 


22.41% 






21.65% | 19.01% 


22.51% | 21.90% 


22.51% | 21.90% 




a 


0.627 


0.681 


0.582 



Table 2: Calibration of MG with M = 5 and w = 0.03802281. 

value of afj decreases. On the other side the volatility of the real market is not changed 
and as a consequence we have a decrease of the weight w that each player gives to decisions. 

6 Conclusions 

In this paper we have shown that under the assumption of the MG with "fake" market 
histories as traders interaction model, the stock price dynamics follows the generalized 
exponential Brownian motion. This allowed us to apply the usual Black&Scholes pricing 
formula to value call European options and hence to calibrate, in terms of the game 
parameters a and w, the MG on the real options market. 

The choice of a Minority Game with strategies uniform random variables taking 
values ±w reveals to be fundamental: the calibration of w on the minimum market volatil- 
ity (the minimum value reached by VDAX Index in past years) allows to find values of 
the key game parameter a, calibrated on call options, greater than a c (asymmetric game 
phase) and close to it (below 1 even with short history length M), corresponding to a 
game phase where agents coordinate in order to reach a state in which less resources are 
globally wasted. Using w = 1, that is the usual MG with i = ±1, and calibrating only 
on options, we get values of a far way from a c and hence a game that is inefficient (a < a c ) 
or where agents play randomly (a 3> a c ). 

The calibrated MG displays some interesting characteristics: as we already said it is 
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Moneyness 


A If J- 'J- 

Maturity 


A 1 O 

0.18 


0.52 


1 m 

1.01 


1.0577 




20.88% 


21.02% 


22.02% 






17.35% 20.87% 


17.48% 21.02% 


17.88% 22.05% 




a 


0.514 


0.515 


0.527 


0.9967 




17.66% 


19.18% 


20.72% 






15.97% | 17.74% 


16.64% | 19.16% 


17.42% | 20.85% 




a 


0.474 


0.492 


0.513 


0.9447 


\J jyimpl 


15.77% 


18.10% 


19.17% 






14.90% | 15.76% 


16.07% | 18.09% 


16.64% | 19.16% 




a 


0.448 


0.479 


0.492 



Table 3: Calibration of MG with M = 9 and w = 0.00143437. 



Moneyness 


Maturity 


2.05 


3.57 


4.58 


1.1062 


\J yim-pl 


23.79% 


24.65% 


25.58% 






18.66% | 23.84% 


18.97% | 24.66% 


19.28% | 25.53% 




a 


0.548 


0.557 


0.567 


0.9833 


a/ u impl 


21.57% 


22.79% 


23.65% 




<T'ff \ sfi 


17.66% | 21.57% 


18.18% | 22.79% 


18.53 | 23.68% 




a 


0.521 


0.536 


0.546 


0.8849 


\J yirapl 


19.61% 


21.41% 


22.41% 






16.78% | 19.63% 


17.62% | 21.42% 


17.96% | 22.41% 




a 


0.499 


0.520 


0.532 



Table 4: Calibration of MG with M = 9 and w = 0.00143437. 

asymmetric and with a close to a c ; moreover, as it is evident from the tables displaying 
calibration results, a better calibration is obtained as M increases. The values of the a 2 N 
are smaller and consequently the value of w are smaller for higher values of M; when 
the market efficiency improves each agent decreases the weight of its buy or sell decision: 
players acting in not efficient markets characterized by scarce liquidity are required to 
increase the weight of the bets, like it happens in real market. 
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